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and (8) should agree with each other in the limit when r ap-
proaches unity, the following result is obtained:

C(0) = m\/bla(a® cos’d + b* sin’6)"A(B)/cos 8  (9)

Once the function C(6) has been determined, the sectional suc-
tion force coefficient becomes

¢, = —m\Vcos’8 + k? sin’0A%(6)/2 cos® 6 (10)

and the total suction force coefficient is

de (11

c o f " V/cos® 6 + k* sin’6A%(6)
s = =
2

cos 8

Hence, the sectional induced drag coefficient is given by ¢ =
c,o0 — ¢, and the total induced drag coefficient by C3; = C,a
— Cs. The suffix N denotes the near field, ¢, is the sectional
lift coefficient, C, is the total lift coefficient, and « is the angle
of attack. The definite integral in Eq. (11) is evaluated nu-
merically, and the lift coefficients are calculated from Eq. (3).

Numerical Results

In numerical examples « is assumed to be 1 rad. Table 1
shows a comparison study of the total induced drag between
the present method and two kinds of lifting-line theories.®? Two
lifting-line theories are unable to predict the near-field induced
drag. This result confirms the validity of the present analysis
because the agreement of two kinds of induced drags is good.
Figures 2a and 2b show the spanwise distributions of the sec-
tional induced drags by the present analysis for the cases of
Table 1. The sectional distributions of two methods are differ-
ent near the wingtip of even the large aspect ratio elliptic wing.

Figure 3 shows a comparison result of the total suction force
for various values of k. Even the extended lifting-line theory
will not estimate induced drag sufficiently at the values of k
above about 0.25, that is, of an aspect ratio below about 6.4.

Conclusions

This Note has presented analytical solutions for two kinds
of induced drag calculations describing circular and elliptic
wings in linearized incompressible steady flow using Kida’s
method. Good agreement between two kinds of induced drags
shows the validity of the present analysis. Moreover, it is
shown that the sectional distributions of two kinds of induced
drags are different in the case of even the large aspect ratio
elliptic wing. Those solutions will be useful in the examination
of numerical lifting-surface theories.
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Determination of Aircraft Stall
Margins During Takeoff

Sergey Kofman* and Georges A. Bécust
University of Cincinnati, Cincinnati, Ohio 45221-0070

Nomenclature

Cp = coefficient of drag

C, = coefficient of lift

Crmax = lift coefficient corresponding to stall angle of attack

Crpea = lift coefficient corresponding to peak angle of
attack

C. = coefficient of pitching moment

c = mean aerodynamic chord, m

D = drag force, N

f = coefficient of friction

H = altitude, m

I, = Y-body axis moment of inertia, kg-m’

L = lift force, N

M = aircraft total moment, N-m

M, = aircraft aecrodynamic moment, N-m

M, = moment generated by landing gears, N-m

m = aircraft mass, kg

o = pitch rate, rad/s

g = dynamic pressure, N/m?

R, = normal reaction on the landing gears, N

S = wing planform area, m

T = thrust force, N

\% = calibrated airspeed, m/s

Vs = calibrated stalling speed, m/s

w = aircraft weight, N

Xeg = center of gravity

Xac = aerodynamic center

a = angle of attack, rad

O = maximum angle of attack, reached during the
maneuver, rad

o,y = stall angle of attack, rad

0% = flight-path angle, rad

8.1 = elevator deflection, rad

8. = leading-edge device deflection, rad

0 = pitch angle, rad

Qg = thrust vector angle, rad

Introduction

HE problem of change in aircraft performance because of

different configurations (malfunctioning of the control
system can leave trailing-edge flaps or leading-edge devices in
an inadequate position), as well as various flight conditions,
receives considerable theoretical and practical attention during
aircraft design, flight tests, and certification. The evaluation of
variations in stall characteristics and overall aircraft perfor-
mance because of an inadequate takeoff configuration is im-
portant from a safety standpoint. In the past, several accidents
(Northwest DC-9, Detroit' and Delta B-727, Dallas®) have
been associated with an improperly set takeoff configuration
(inadvertent flaps-up).

Existing Federal Aviation Regulations (FAR)® define stall
speed V; as a calibrated stalling speed or the minimum steady
flight speed, in knots, at which the aircraft is controllable, with
several conditions, specified in FAR §25.103. Stall margin can
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be defined based on airspeed or based on lift coefficient. The
FAA Advisory Circular (AC) 25-7 (Ref. 4) provides guidelines
for the flight test evaluation of transport category aircraft, in-
cluding stall testing. The configuration stall speeds should be
determined for all aerodynamic configurations for use in take-
off, en route, approach, and landing.’ ,

Aircraft takeoff configuration (leading-edge device and flaps
positions) is predetermined as a result of design, wind-tunnel,
and developmental flight tests. The certification flight tests are
conducted for this configuration to establish the aircraft takeoff
characteristics to be in compliance with FAR. If a failure of
the leading-edge device control system (inadvertent retraction
of leading edge) occurs at an airspeed V = V, (decision speed),
the pilot is committed to takeoff with flaps in the takeoff con-
figuration and retracted leading edge. Determining how the
leading-edge device with a combination of various takeoff pro-
cedures affects stall margin was the goal of the research re-
ported here.

This determination was carried out using a computer simu-
lation for the takeoff phase of flight utilizing an aircraft model
presented in the next section. Some details on the simulation
appear in the following section, followed by a section provid-
ing typical results of the simulation. Concluding remarks ap-
pear at the end of this Note.

Aircraft Model

The computer simulation is based on the mathematical mod-
eling of aircraft motion during the takeoff stage with different
rotation rates, pitch angles to be reached by the aircraft after
rotation, and rotation speeds. The aerodynamic data for the
Tu-154 triple-engine turbojet (similar to B-727)° have been
used in this simulation.

For the simulation the following assumptions were made: 1)
the aircraft is a rigid body, 2) only longitudinal motion is con-
sidered, 3) all control surface deflections occur instantane-
ously, 4) the drag force from control surface deflections is
neglected, 5) the aircraft rotates around its c.g. prior to and
after liftoff, and 6) the position of engine control levers is not
changed during takeoff.

Tl}se7 following equations of aircraft longitudinal motion were
used™":

V= (Um)[T cos(a + @ug) — Wsiny — D — fR] (1)

a=06-—7 @)
b=0 ®)

Q0 =M, @
H=Vsiny )

Yy = (UmV)[T sin(a + @) + C.gS — Wcos vyl  (6)
where

L=CgS
D = CpgS

W =mg

M=M, - M,
Con=Cp + Cpo+ Cul¥cg — Xao) + Crp 8 + Ch,, bre.
M, = C,gS¢ + (CpgQ + Ca)(GSE*12V)
M, = R,(x;, — xs)

R, =W — L — Tsin(a + @)
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Simulation Implementation

In the simulation the equations of aircraft motion presented
previously are integrated. During this integration the peak an-
gle of attack @, (i.e., the maximum angle of attack reached
by the aircraft during the maneuver) is determined. The lift
coefficients corresponding to0 0., and a,, are obtained from
experimental data C; = f(a) generated during wind-tunnel test-
ing® (see Fig. 1). The simulation is carried out for different
aircraft configurations (retracted/extended leading-edge de-
vices), trailing-edge flaps set in the takeoff position, various
rotation speeds and rates, and different target pitch angles. The
aircraft weight (90% of maximum takeoff weight) and aft c.g.
location remain the same throughout the integration for all
cases.

The integration of aircraft motion starts from V=0, a = o
= 3 deg, and y = 0 deg when the aircraft is on the runway.
When the rotation speed V; is reached, the elevator is deflected
at 8, = —15 deg. As soon as the total moment M on the aircraft
becomes positive, the aircraft starts to rotate about its c.g. and
the differential Eq. (4) is integrated from that time on. When
Quse: 18 reached, Q is set to 0, and Q remains at Q.. When
0 [obtained from Eq. (3)] reaches ., O is set to 0 and 6
remains at 6, As soon as the normal reaction R, of the
ground on the landing gears is O, the aircraft becomes airborne
and the integration of ¥ [Eq. (6)] begins. During the simula-
tion, ey and Cpoe are determined and the stall margin is
calculated.

All of the aerodynamic and moment coefficients used in this
simulation were obtained from aircraft experimental data for
different positions of leading-edge device and trailing-edge
flaps set in the takeoff position. No approximate expression
(such as Cp = Cpy + AC?) for the data was used because of
the inaccuracy of such formulas in the nonlinear region of
C, = f(a). Values at intermediate points were linearly inter-
polated from the aircraft aerodynamic data.

Results

The simulation was carried out for several rotation rates.
Typical results obtained for rotation rates Q = 2 deg/s and 3
deg/s are presented in Figs. 2-5.

In Figs. 2 and 3 the peak angle of attack and stall margin
(in terms of C,) are presented for @ = 2 deg/s. The nominal
value of the rotation speed is Vr = 70 m/s (=140 kn). Devi-
ation of *5 m/s (=10 kn) from nominal rotation speed was
also considered. This range of deviations is considered to be
wide enough to account for pilot errors.

As seen on these plots, the position of the leading-edge
device during takeoff significantly affects the aerodynamics of
the wing and stall margin. On average, retraction of the lead-
ing-edge device decreases the stall margin (in terms of C,)

15 b .- - - [ e

A

c le.extended ' -~---------
L - Le. retracted -
(Y- 20 1
00 /- - - o' oLt .
05 - . N X X
3 0 5 10 15 20 25

Angle of Attack, deg

Fig. 1 C, vs « for extended and retracted leading-edge device.
OrLars = 28 deg (takeoff).
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Fig. 3 Stall margin vs pitch angle. @ = 2 deg/s.

by approximately 16%. The corresponding minimum airspeed
drops from 1.12 to 1.02Vs ([where the stall speed Vs =
1.275/WI(SCLx)]- At this rotation rate, the safety margin
never goes below O (i.e., aircraft never stalls) in the range of
variations for V; and 6, although the 3% stall margin and V,,,
= 1.02V; obtained in the computer simulation are not sufficient
to guarantee that the actual aircraft would always have a pos-

itive stall margin as well.

The inflection point on the plots is because, in the simula-
tion, as soon as 8 exceeds O, Q is instantaneously set to

zero. This would not occur in a

real aircraft.

The results obtained for rotation rate Q@ = 3 deg/s and pre-
sented in Figs. 4 and 5 are similar. The amount of safety mar-
gin (in terms of C,) lost as a result of the leading-edge device
retraction varies from 16% at 0, = 10 deg to 11% for Oy,

= 20 deg.

If a failure of the leading-edge device control system occurs

at an airspeed V = V; so that the

pilot is committed to continue

takeoff, the problem of maintaining the required rotation speed
becomes critical. As seen in Figs. 3 and 5, if the aircraft is

rotated at the rotation speed V,

— 5 m/s (=V; — 10 kn) with

pitch rate Q = 2 deg/s, the stall margin is less than 5%, whereas
with @ = 3 deg/s the stall margin becomes zero at 0 ~ 18 deg,
and the aircraft stalls for 8 > 18 deg.

Notice also that stall margin is more sensitive to V; varia-
tions for an aircraft with an extended leading-edge device, al-
though the worst case considered with extended leading-edge
device (V, — 5 m/s, @ = 3 deg/s) provides a safety margin
not less than 7% at the maximum 6 considered (20 deg).
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Fig. 5 Stall margin vs pitch angle. @ = 3 deg/s.

The target pitch attitude with extended trailing-edge flaps
and leading-edge flaps provides a C, sufficient for the aircraft
to fly, although for high pitch attitude, the airspeed appears
less than the required minimum takeoff safety speed Vimu. If
the leading-edge device is retracted for any reason, the high
target pitch attitude does not give enough C, for the aircraft
to fly even with extended trailing-edge flaps in the takeoff
position. The lower pitch attitude gives a positive safety mar-
gin, but the value yielded by the simplified model of this study
is too small to guarantee that the actual aircraft has sufficient
C, to avoid stall.

Conclusions

For the Tu-154 aircraft inadvertent retraction of leading-
edge devices significantly affects stall margin. This, in com-
bination with nonaccurate maintaining of the required rotation
speed and/or excessive rotation rate, may lead to aircraft stall.
If such a failure is not considered as extremely improbable
(P > 107°), recommended actions to the crew in the event of
such failure should be included in the Flight Manual. All re-
sults presented here are based on a computer simulation (which
involves several simplifying assumptions); they would require
confirmation in test flights to ensure that they are accurate
enough to be used in generating recommendations for the Air-
craft Flight Manual.
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Approximate Formula for the
Frequencies of a Rotating
Timoshenko Beam

V. T. Nagaraj*
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Bangalore 560017, India

Introduction

T is well known that shear deformation and rotary inertia

can have an important influence on the frequencies of non-
rotating beams. This influence can be especially significant for
beams made of advanced composite materials because of the
high ratio of Young’s modulus to the shear modulus. For non-
rotating beams, these effects can be modeled by Timoshenko’s
equations for which exact solutions are available."”

An approximate formula for the frequencies and mode
shapes of rotating uniform cantilever Euler—Bernoulli beams
is given by Peters.” The expression given by Peters is simple
and very accurate for the entire blade stiffness range. It gives
accurate results for the fundamental frequency as well as for
the overtones.

In this Note, the formula of Peters is modified, based on
analogy, to include the influence of shear deformation and ro-
tary inertia. Though the theoretical basis is not formal, com-
parison with exact results shows that the present expressions
give surprisingly accurate results for frequencies, even for very
short beams.

Approximate Expression for the Frequency
The differential equation of motion for the flapping vibra-
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tions of a rotating beam including the influence of shear de-
formation and rotary inertia is*
(1 + Sap)W"™ + 38apW"” — [1 — £8(A + a)]
X (ap'W' + AW) + [6A + (¢ + &8ap)(A + &)
— a(p — 38pMHW" =0 ¢))
In Eq. (1), W s the total lateral displacement that is the sum

of the bending and shearing displacements. The other quanti-
ties are

£= x oo mL*Q? A< mL'&? __E
L - EI’ - EI’ ~ GKAIL?
I 1 () @
—_ z —_— — 2 r=__
s=op P=3U-8) =77

where x is the axial coordinate, L is the length of the beam,
m is the mass per unit length, EI is the bending rigidity, A is
the area of cross section of the beam, G is the shear modulus,
I, is the mass moment of inertia in flap, and X is the Timo-
shenko shear coefficient that accounts for the influence of
shear deformation,” and 8 and & are the shear deflection co-
efficient and rotary inertia coefficient, respectively.*

The equation of motion of a rotating Euler—Bernoulli beam
is obtained from Eq. (1) by setting & and & equal to zero as

W" — a(pW) — AW=0 3)

For a rotating Euler~Bernoulli cantilever beam, Peters ob-
tained an approximate formula for the nth (nondimensional)
frequency as

A= n2n — Da + A%
+ FVa tan™ [A-———"" - ”;2” i, \/E] )

where Ay = nth frequency of nonrotating beam:

V2 @m 1
T ow (n = 1) [n!(n - 1, 277 )
1
An=3 f (1 - )92 dé ©
1] .

In Eq. (6), ¢, is the nth mode shape of a nonrotating uniform
cantilever beam. Equation (4) represents an approximation
valid for all stiffnesses and frequencies. The first term is the
rotating string frequency (for large « or small EI). In the third
term A,, is the centrifugal stiffness for small «, and F is the
correction to A of the order of (1/\/&).

Since the equations for free vibrations in lead—lag of a
Euler—Bernoulli beam can be obtained by replacing A, by (A,
+ 1) (Ref. 3), Eq. (4) can be used to obtain the lead-lag
frequency with A, replaced by (1 + A,read-1ag)-

To include the influence of & and ¢ in Eq. (4), the following
reasoning is used:

1) The first term in Eq. (4) represents the limit when stiffness
tends to zero (rotating string) and is not affected by & and e.

2) The second term corresponds to the nonrotating fre-
quency of the Timoshenko beam for which exact solutions are
available.

Depending on the values of 8 and g, the frequencies are
lower than those of corresponding Euler—Bernoulli values. In
addition, the term containing a8p in Eq. (1) tends to further
reduce this frequency. Hence, the second term in Eq. (4) is
proposed to be replaced by

[1 — (28/2")] fidte Q)



